arXiv:hep-th/9808069vl 12 Aug 1998 


QMW-PH-98-37 

CAMS/98-04 

hep-th/9808069 


Branes, Times and Dualities 


Chris M. Hull la and Ramzi R. Khuri 1,26 

1 Department of Physics 
Queen Mary and Westfield College 
Mile End Road 
London El 4NS UK 

2 Center for Advanced Mathematical Sciences 
American University of Beirut 
Beirut, Lebanon 

Abstract 

Dualities link M-theory, the 10+1 dimensional strong coupling limit of the IIA string, 
to other 11-dimensional theories in signatures 9+2 and 6+5, and to type II string theories 
in all 10-dimensional signatures. We study the Freund-Rubin-type compactifications and 
brane-type solutions of these theories, and find that branes with various world-volume 
signatures are possible. For example, the 9+2 dimensional M* theory has membrane-type 
solutions with world-volu m es of signature (3,0) and (1,2), and a solitonic solution with 
world-volume signature (5,1). 


August 1998 

“ C.M.Hull@qmw.ac.uk 

b R.R.Khuri@qmw.ac.uk. Address as of September 1st, 1998: Department of Natural Sciences, 
Baruch College, 17 Lexington Ave., New York, NY, 10010, USA. 



1. Introduction 


The strong coupling limit of the type IIA superstring theory is a theory in 10+1 
dimensions that we will refer to as M-theory. The various superstring theories can be 
obtained from this by compactifying and going to the boundaries of the moduli space, 
giving a geometrical interpretation of many of the string theory dualities JiJ. For example, 
the IIA string theory arises from compactifying M-theory on a circle and taking the zero 
radius limit [2], the IIB string theory arises from compactifying M-theory on a 2-torus and 
taking the zero size limit |3|] and the Eg x Eg heterotic string arises from compactifying 
M-theory on S 1 /7j 2 and taking the zero radius limit 0. In H[6], this was generalised to 
the case of M-theory compactified on tori with Lorentzian signature. Surprisingly, going to 
boundaries of the moduli space in which Lorentzian cycles shrink to zero size leads to new 
theories, in many of which the space-time signature has more than one time. These include 
versions of M-theory in signatures 9+2 and 6+5 and type II string theories in various 10- 
dimensional spacetime signatures. All are linked by an intricate web of dualities and all 
emerge as different limits of the same underlying theory. The set of theories can be thought 
of as different real forms of a single complexified theory, and each has a supergravity theory 
with 32 supersymmetries arising as a field theory limit. In this way, maximal supergravity 
theories in 10 or 11 dimensions with various signatures are obtained, and each can be 
studied in its own right. Each of the forms of M-theory or type II string theories have 
brane solutions of various world-volume signatures, and our purpose here is to find and 
investigate these solutions. We will restrict ourselves here to those solutions that preserve 
16 of the 32 supersymmetries, which are the analogues of the BPS states that play a key 
role in the Lorentzian signature theories. We will verify that the dualities linking the 
various theories also relate the brane solutions, giving a useful consistency check on the 
duality structure unravelled in [|5]||], and giving insights into the structure of these theories. 

In |H||, timelike compactifications of M-theory and type II string theories on 
Lorentzian tori T n ' 1 (with n spatial circles and one timelike circle) were considered, extend- 


1 


ing the work in [7|||] on timelike compactifications of supergravities. If, as was assumed, 
such classical solutions with periodic time are consistent backgrounds for M-theory or 
string theory, then the limits in which various cycles degenerate can be considered. The 
type IIA theory on a timelike circle gives, in the limit in which the circle shrinks to zero 
size, a T-dual type IIB* string theory, while the tinrelike T-dual of the IIB theory is a 
IIA* theory. The IIA* and IIB* theories are formulated in 9+1 spacetime dimensions, and 
have supergravity limits similar to those of the IIA,B supergravities, but with the signs of 
some of the kinetic terms reversed; in particular, the RR fields have kinetic terms of the 
wrong sign. The IIB* theory can be obtained from M-theory compactified on T 1,1 in the 
limit in which the Lorentzian 2-torus shrinks to zero size J5|,[6]. If M-theory is compactified 
on a 3-torus T 2,1 , then the limit in which the 3-torus shrinks to zero size gives an M* 
theory in 9+2 dimensions. This same theory arises as the strong coupling limit of the IIA* 
string theory, in which an extra time dimension opens up [:6|, in a way that is analogous 
to the way an extra space dimension opens up in the strong coupling limit of type IIA 
theory |2|], Similarly, starting from the M* theory in 9+2 dimensions and compactifying 
on a Euclidean 3-torus T 3 gives, in the limit in which the 3-torus shrinks to zero size, an 
M ; theory in 6+5 dimensions [l|. Similar steps lead to M-type theories in signatures 5+6, 
2+9 and 1+10 also, but these are equivalent to the theories with the reversed signature. 

Starting from the M-theories in signatures 10+1, 9+2 and 6+5, and compactifying on 
either a spacelike or a timelike circle and taking the limit in which the circle shrinks to zero 
size gives a set of type IIA-like string theories in signatures 10+0, 9+1, 8+2, 6+4 and 5+5 
(together with the reversed forms). There are two forms of the 9+1 dimensional theory, 
the IIA and IIA* theories, and although there is a similar pair of forms of the theory in 
5+5 dimensions, they are related by a field redefinition (including the signature-reversing 
g IIL/ —> —g IU j) and so are equivalent. Compactifying the M-theories on 2-tori of various 
signatures and taking the limit in which both radii tend to zero size gives IIB-like theories 
in signatures 9+1, 7+3 and 5+5. In signatures 9+1 and 5+5, there is a IIB theory and 
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a IIB* theory, together with a IIB' theory which is the strong coupling limit of the IIB* 
theory in either case. Thus there is a set of string theories in 10 dimensions with various 
signatures that are related by timelike T-dualities and S-dualities, and this list gives all 
such theories that can be obtained in this way. 

These theories have branes of various world-volume signatures, and they can be for¬ 
mally obtained from the usual branes of M-theory or type II theory by dualities. For 
example, the timelike T-duality takes the D-branes of the type II theories, with Lorentzian 
world-volume signature, to the E-branes of the type II* theories, which have Euclidean 
world-volume signatures. We will refer to a brane with world-volume signature (s,t) (s 
positive signature space dimensions and t negative signature timelike ones) occuring in a 
theory with spacetime signature (S, T), with S > s, T > t, as an (s, f)-brane. Some branes 
in non-standard signatures were discussed in ||9j], but most of the solutions that will be 
discussed here were beyond the scope of [|j]. 

There are also solutions which are products of generalised de Sitter spaces of various 
signatures, all of which are coset spaces SO(p , q)/SO(p — 1, q) with the SO(p, g)-invariant 
metric; when these have two sheets, we take one connected component. These include 
d-dimensional de Sitter space 


dS d 


SO(d, 1) 
SO(d- 1,1)’ 


( 1 . 1 ) 


d-dimensional anti-de Sitter space 


AdS d 


SO(d- 1,2) 
SO(d- 1,1)’ 


( 1 . 2 ) 


the d-sphere 


the d-hyperboloid 


,d SO(d+ 1) 
SO(d) 


d SQ(d, 1) 
SO(d ) 


(1.3) 


(1.4) 
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(which has a Euclidean metric and was referred to in [10] as Euclidean anti-de Sitter space) 
and the space 

SO(d- 1,2) 


AAdSn = 


SO(d — 2, 2) ’ 


(1.5) 


with two-timing signature (d — 2, 2). 

Here we will study the de Sitter and brane solutions of the M, string and supergravity 
theories in various signatures, and investigate their properties. These give clues to the 
interpretation of these theories, and also lead to generalisations of the conjectured duality 
between 3+1 dimensional IV = 4 super Yang-Mills theories and IIB string theory in 5- 
dimensional anti-de Sitter space |[TT] , and between IV = 4 super Yang-Mills theories in 4 
Euclidean dimensions and IIB* string theory in 5-dimensional de Sitter space ||, as will 


be discussed elsewhere [12 


The plan of this paper is as follows: we outline in section 2 the type of brane and brane- 
related solutions in theories of various spacetime signatures that we will investigate in the 
rest of the paper. In section 3 we write down the D-brane solutions of the type II theories 
and the corresponding E-brane solutions of the II* theories. We also display some wavelike 
solutions of the II* theories that have no D-brane analogues. In section 4 we briefly review 
the supersymmetric brane and Kaluza-Klein solutions of 10+1 dimensional M-theory. In 
section 5, we consider solutions of the eleven-dimensional M* theory with signature 9+2 
and discuss their geometry, while in section 6, we discuss solutions of M'-theory with 
signature 6+5. In section 7, we summarize the solutions of the various 11-dimensional 
M-theories and 10-dimensional type II theories. We discuss in section 8 the general rules 
governing which world-volume signatures occur in which theories. In section 9, we discuss 
the reductions of our eleven-dimensional solutions to obtain solutions in ten dimensions, 
using this as a check on the results of section 7. We also show how D-branes and E-branes 
are related via tinrelike reduction and oxidation with the specific example of the D2-brane 
of IIA and the El-brane of IIB* following the methods of [jl3j . 
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2. Brane Solutions 


For theories in spacetimes of signature (S, T), we will seek generalised brane solutions 
with metric of the form 


ds 2 = H a Vab dX a dX b + H p fi ij dY i dY j , (2.1) 

where r/ ab is a flat metric of signature (s, t ) and fjij is a flat metric of signature {S — s, T — t). 
We will require if to be a function of the transverse coordinates Y l and find that the held 
equations imply that H{Y ) has to be a harmonic function, satisfying 

fi ij didjH = 0 , ( 2 . 2 ) 

and determine the constants a, (3. The longitudinal space has signature and we 

refer to it as an (s, f)-brane, so that a conventional p-brane of a Lorentzian theory with 
(S', T) = (D — 1, 1) is a (p, l)-brane. These solutions also have a non-vanishing n-form 
gauge held with n — s + t. 

Different types of solutions arise for different choices of harmonic function. A simple 
choice is the wave-type solution 

H - Asm(K i Y i + c), ff 3 K t K :) = 0 (2.3) 

with K a constant null vector. For the Euclidean transverse space (as in p-branes) there 
are no non-trivial null vectors K. but there are lion-trivial solutions if the transverse space 
has both spacelike and timelike dimensions. 

A simple generalisation of the usual p-brane ansatz is to take 

ff = c+^, q = S + T-s-t- 2, (2.4) 

for some constants c, Q] c can be taken to be 0 or 1, while Q represents the ‘charge’ of 
the brane. Here \Y\ q — \fjijY l Y^\ q ^ 2 . The solution then clearly has a potential singularity 
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at Y 2 — 0, where Y 2 — f) r jY'Y J ; this is the horizon at the point Y = 0 for the usual 
p-branes, but is more complicated in other signatures. The null-cone Y 2 — 0 splits the 
transverse space into two regions, Y 2 > 0 and Y 2 < 0, and in general a solution valid in 
one region cannot be continued through the null cone to a solution in the other region; in 
some examples, the surface Y 2 — 0 is singular, in others it is a boundary. However, in the 
cases in which it is a non-singular horizon, one can continue through it, as in [ITl. Near 
Y 2 — 0, the constant term in (|2.4|) is negligible, so that one can take 


H 


_Q_ 

I Y\Y 


(2.5) 


This limiting form of the geometry is sometimes a non-singular product of de Sitter-type 
spaces. For example, for the usual D3-brane, M2-brane and M5-brane it is a product of 
anti-de Sitter space and a sphere, AdS p +2 x S D ~ P ~ 2 |[TH| . [TT[| . while for the E4-brane of the 
type IIB* string theory, it is the product dS$ x H 5 of 5-dimensional de Sitter space and a 
5-hyperboloid [f|. For the case of the E4-brane, the two regions Y 2 > 0 and Y 2 < 0 are 
two distinct, complete, non-singular solutions and for both cases Y 2 = 0 is a. boundary at 
inhnite distance. There are thus two solutions, and neither can be analytically continued 
through Y 2 = 0. The interpretation of these solutions was discussed in 0. 

In all the cases with Lorentzian signature transverse spaces, we will exhibit two solu¬ 
tions, one for the region Y 2 > 0 and one for the region Y 2 < 0. We will not address here 
the nature of the surface l" 2 = 0 (which could be a singularity, a horizon, a boundary, etc.) 
or discuss in which cases the brane solutions can be continued through Y 2 — 0. We hope 
to return to these questions, and others concerning the interpretation of these solutions, 
in a future publication. 

In addition to the single source solution (|2.4| ), there are multi-source solutions 


H=c + Y, 


Qr 


Y - Y |9 


( 2 , 6 ) 


as well as smeared solutions in which the harmonic function H is independent of one or 
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more of the Y l . However, in each case we will usually only display the single-source solution 
(pAp explicitly. 


3. D-branes and E-branes 

The bosonic action of the IIA supergravity is 


Siia = J d 10 xy/^g 


R + 4(d$y 


h 2 \ 

G! 

G\ 1 

12 J 

4 

48 _ 


+ — y= J G4 A G4 A B2 + ■ • ■ 

(3.1) 


while that of IIB supergravity is 


Siib — 




- 2 $ 


R + 4(d$y 


h 2 \ 

Gi 

Q 

COtO 

G§1 

12 J 

2 

12 

240_ 


+ 


(3.2) 


Here $ is the dilaton, H = CIB 2 is the field strength of the NS-NS 2-form gauge field 
B 2 and G n+i — dC n + ... is the field strength for the RR n-form gauge field C n . The 
field equations derived from the IIB action ( [3.2| ) are supplemented with the self-duality 
constraint G-, — *G- s . Our conventions are that in signature S + T. the metric has S 
positive spatial eigenvalues and T negative timelike ones, so that a Lorentzian metric has 
signature (+ + ...-(—). 

The type II supergravity solution for a Dp-brane (p is even for IIA and odd for IIB) 
is given by 

ds 2 = H~ 1/2 (-dt 2 + dx\ + ... + dx 2 p ) + H 1/2 (dy 2 +1 + ... + dyl) 
e -2<i» = h (p- 3)/2 ? Cq = _ H -i + 


(3.3) 


where H is a harmonic function of the transverse coordinates y n +i, ■ ■ ■, V 9 , k is a constant 
and here and throughout in the paper we denote longitudinal spatial coordinates by x a 
and transverse spatial coordinates by yi. The simplest choice for H is 


H = c + 


y 


Q 

7—p ’ 


(3.4) 
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where c is a constant (which can be taken to be 0 or 1), q is the D-brane charge and y is 


the radial coordinate defined by 


2 \ ^ 2 

y = Vi- 

i=p+1 


(3.5) 


When 0, it is conventional to set k = c _1 , so that as y —> oo, Coi 2 ...p —■ y 0. However, 
for convenience we will henceforth set k — 0 and usually take c = 1. 

The type IIA* and type IIB* actions are given by reversing the signs of the RR kinetic 
terms in (|3T| ) ,(|3.2| ) to give || 

H 2 


Siia* = J d 10 x^g 


- 2 $ 


and 


Sub* — J d 10 x^/~^g 


- 2 $ 


2 r '2 

r + 4(a$) 2 - — ) + ^ ^ 

v ; 12 4 48 


tt 2 \ 2 /^2 

11 \ Lti Lrq Urc 


+ ... 


(3.6) 


R + 4(d$) 2 - — + — L - + + 


+ ..., 


12 y 2 12 240 

where the field equations from Q3.7|) are supplemented by the constraint G$ — *G$. 
The Ep-brane solutions to ( |3.6|) and ( [■' 1. 7| ) are given by 

ds 2 = H~ 1/2 (dx\ + ... + dx 2 ) + H 1/2 (-dt 2 + dy 2 +1 + ... + dy%), 


(3.7) 


e -2 0 = H (P~ 4)/2 


C- 


12...p 


= -H 


-1 


(3.8) 


In this case, H is a harmonic function of t, y p +i ,..., y 9 (i.e. it is a solution of the wave 
equation V 2 ff = 0), and H can depend on time as well as the spatial transverse coordi¬ 
nates. 

There are a number of different possibilities for H. First, we can take the time- 
independent H given by ( |3.4|) . These are the solutions that arise from the D-brane super¬ 
gravity solutions on performing a timelike T-duality, using a generalisation [j;6] of Buscher’s 


rules P|. Secondly, we can consider the solution 


H = c + 


T a-p 


where r, a are the proper time and distance defined by 


(3.9) 


2 2 .2 2 
r = —a — t — y . 


(3.10) 











This corresponds to a source located at a point in the transverse space-time. For odd p, 
taking 


H — c + 


a 


8-p 


(3.11) 


gives a different solution. 


The solution (|3.8|) is an extended object associated with a spacelike p-surface with 
coordinates x 1 ,... ,x p located at t — y p+1 — ... — y 9 — 0. This is to be compared with 
a D-brane, which is associated with a timelike p + 1-surface with coordinates t, x 1 ,..., x p 
located at y p+1 — ... — y 9 — 0. A D-brane arises in perturbative type II string theory 
from imposing Dirichlet boundary conditions in the directions y v+1 .... ,y 9 and Neumann 
conditions in the remaining directions, and the D-brane solution ( |3.3|) describes the super¬ 
gravity fields resulting from such a D-brane source. Similarly, the E-brane in perturbative 
type II* string theory arises from imposing Dirichlet boundary conditions in the directions 
t, y p+1 ,..., y 9 , including time, and Neumann conditions in the remaining directions, and 
the E-brane solution ( |3.8|) describes the supergravity fields resulting from such an E-brane 
source. In the perturbative string theory, the timelike T-duality taking the type II theory 
to the type II* theory changes the boundary condition in the time direction from Dirichlet 
to Neumann, and so takes a Dp-brane to an Ep-brane. The solutions have a potential sin¬ 
gularity on the light-cone t 2 — y 2 , but in some cases this is non-singular ||. The E-branes 
preserve 16 of the 32 supersymmetries of the type II* theories. Smearing these solutions 
in the time direction gives the time-independent solutions given by (|3.8|) with H given by 


( |3.4|) , and other solutions can be obtained by smearing in spacelike directions. 
Another choice of H satisfying the wave equation is a wave solution 


H(y l 1 t) — Asin(kiy l + ut), k 2 = uF 


(3.12) 


or a linear supposition of such solutions. These are completely non-singular and have no 
non-trivial D-brane analogue. 
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4. Solutions of M-Theory 


M-theory is the strong coupling limit of the type IIA string @ and is a theory in 10+1 


dimensions whose low-energy effective field theory is 11-dimensional supergravity |19[ with 
bosonic action 

r .. / r 2 . \ i r 

(4.1) 


S M = j d u x^(R-^j-^JcAG/\G. 

In this section, we review the solutions of M-theory whose analogues for M* and M 7 theories 
we will find in later sections. 

The maximally supersymmetric solutions are 11-dimensional Minkowski space and its 
toroidal compactifications, the Freund-Rubin solution AdS\ x S' 7 ||20|| , and the compactifi- 
cation AdSj x S 4 [|2Tfl . It also has solutions which preserve half of the 32 supersymmetries: 
the M2-brane ||22[, the M5-brane [|23|], the pp-wave solution [^4j and the Kaluza-Klein (KK) 
monopole [^5[ solution M 6 ’ 1 x TN ||26|| . where M s,t is flat space with signature (s,f), and 
TN is the self-dual Euclidean Taub-NUT solution with metric 


ds 2 = V^ 1 (dz + A l dy i ) 2 + V5 ij dy i dy j , 


where V is a harmonic function depending on yi and 


Fij — diAj djAi — ^ijkdkV 


(4.2) 


(4.3) 


(4,4) 


The M2-brane solution of the 10+1 supergravity action ( [4.1|) is given by 
ds 2 =H~ 2 / 3 (—dt 2 + dx\ + dx 2 ) + H 1 ^ 3 (dy 2 + ... + dy% + dy\ 0 ) 7 
= H 1 , 

where H(y 3 ,..., y iq) is a harmonic function in the transverse space. For a single membrane 
at y — 0, we take 


Q 

H= l + A 


(4.5) 


where here and throughout y 2 — y~. where i runs over the spatial indices in the trans¬ 

verse space. The world-volume has signature (2,1). The M2-brane solution has bosonic 
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symmetry ISO( 2 , 1 ) x SO (8). It is nonsingular at y — 0 with near-horizon geometry 
AdS 4 xS 7 0. 


The M5-brane |23| is given by 

ds 2 = H~ 1 ^ 3 (—dt 2 + dx\ + ... + dx\) + H 2 ^ 3 (dyl + dy 2 + dyl + dy\ + dy \ 0 ), 

£*12345 = H 1 * 


(4.6) 


where 


Q 

H= 1 + 4 

y 3 


(4.7) 


and y 2 — yl + y 2 + ... + yf 0 . This solution has bosonic symmetry ISO( 5,1) x SO( 5) and 
interpolates between AdS 7 x S' 1 and flat space |T3 . 


5. Solutions of M* 


We will now seek the analogues of the M2-brane, M5-brane and KK monopole that 
occur in the M* theory. The M* theory |J is the strong coupling limit of the IIA* theory 
and is a theory in 9+2 dimensions whose field theory limit is a supergravity theory with 
bosonic action 0 

S M = yV'Vs (rt + ^1) - t/cAGAG. (5.1) 


Note that the sign of the kinetic term of G 4 is opposite to that of the action Q4. 1| ) ; as we 
shall see in section 8 , the sign of the kinetic term is intimately related with the world- 
volume signatures that can occur. For example, if the sign of the kinetic term of G,\ were 
reversed in (|5.1|) to give a Lagrangian R — G\/AS> + ... in 9+2 dimensions, there would be 


a membrane solution with 2+1 dimensional world-volume, while the action ( |5.1|) with the 
opposite sign for the G,\ kinetic term has brane solutions with world-volume signatures 


(3,0) and (1,2), as we shall see below. The sign of the G 4 kinetic term in actions (|4.1|) ,( [Q]) 
is determined by supersymmetry. 
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The equations of motion of this action are straightforward to solve, using Appendix B 
for the Ricci tensor and scalar. This theory has a number of Freund-Rubin-type solutions 
involving the de-Sitter-type spaces defined in (0-(E§, including d-dimensional de Sitter 
space dSd, d-dimensional anti-de de Sitter space AdSd, the d-dimensional hyperbolic space 
Hd, and the two-time de Sitter space AAdSd which is a generalised de Sitter space given by 
(a connected component of) the coset SO(d — 1, 2)/SO(d — 2, 2), with signature (d — 2,2) 
and isometry SO(d — 1, 2). The solutions are 


dS 4 x AdS 7 
AAdS 4 x S 7 
AdS 7 x dS 4 


(5.2) 


AAdS 7 x H 4 

For example, the AAdS± x S 7 solution is 


ds 2 = — dt 2 — dt ' 2 + dar) -I— -rdz 2 + 4 a 2 dfli, 
a z z z 


(5.3) 


C, 


tt'xz — ^tt'xz- 

a 


AAdS 4 has signature (2,2), isometry SO( 3,2) and constant curvature ~ 1/a 2 . 

There are two solutions of M*-i lieory analogous to the M2-brane. The first of these 
is the (l,2)-brane given by 

ds 2 =H~ 2 / 3 (-dt 2 - dt ' 2 + dx 2 ) + dd 1/3 (d^ + ... + dyl), 

(5.4) 

C Wx =H-\ 

where H(y ^,..., z/iq) is again a harmonic function in M. 8 , which we can take to be (fO|). 
The world-volume has signature (1,2), with two times. This solution has bosonic symmetry 
ISO{ 1, 2) x SO{ 8). Near y — 0, the metric takes the form 


7T 2 R2J7-/-2 

* 2 = 4(-df 2 - it n + dx 2 ) + AtA + Q 1,3 dttl 
K z U z 


(5.5) 


which is the metric on AAdS 4 x S 7 ; here U — Q 1 / 6 y 2 /2 and R = /2 = R$ 7 / 2 . The 

(l, 2 )-brane interpolates between the flat space M 9 ’ 2 and AAdS 4 x S 7 . 
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The second membrane-type solution is the (3,0)-brane given by 


ds 2 —H 2 2 ^{dx\ + dx 2 + fix 3 ) + H 2 ^ 3 (—dt 2 — dt' 2 + dy\ + ... + dy$), 
C123 — H 2 x , 


(5.6) 


where H is a harmonic function on the transverse space. The world-volume is Euclidean, 
with signature (3,0). 

The E4-brane solution considered in 0 has a transverse space which is 6 -dimensional 
Minkowski space, which is divided into two regions by the light-cone. Choosing the har¬ 
monic function (|3d]) gave a solution which split into two regions, the inside and outside 
of the light-cone, and each region is in fact a non-singular complete solution, with the 
light-cone of the parameter space becoming a boundary at infinite geodesic distance. A 
similar situation occurs here for the (3,0)-brane. 

For the (3,0) brane, the null-cone y 2 — l 2 + i' 2 divides the transverse parameter space 
into two regions, and, as discussed in section 2 , there are two distinct brane solutions, 
in which the transverse coordinate space is restricted to the region inside or outside the 
null cone. In the region y 2 > t 2 + t' 2 . a natural choice for the time-dependent harmonic 
function is 


H 2 



Q 

t 2 ~t' 2 ) 3 ’ 


(5.7) 


which gives a real solution (|5.6|) for y 2 > t 2 + 1' 2 . For y 2 < t 2 + f /2 , we take instead 


H 2 


1 + 


Q 

(t 2 + t' 2 — y 2 ) 3 ' 


(5.8) 


In either case, the solution has bosonic symmetry ISO( 3) x 5'0(6,2). The geometry of 
( |5.6| ) near y 2 — t 2 +1' 2 differs in the two cases, and the interpretation is similar to that of 
the E4-brane solution of the IIB* string j5]. 

For y 2 > t 2 +1' 2 1 let a 2 — y 2 — t 2 — t' 2 . Then near a — 0, H^ S ~ Q 1 / 3 /a 2 . Setting 


y — a cosh a, t — a sinh a cos f3, t' — a sinh a sin f3 


(5.9) 
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it is straightforward to show that, near a — 0 the metric takes the form 


V 2 n 2 riv 2 

ds 2 = — (dx 2 + dx 2 + dx\) H-——-b Q 1 ^ 3 (—da 2 — sinh 2 ad/3 2 + cosh 2 adfi?) , (5.10) 

it 2 l / 2 v ' 

where V = Q^ x ^a 2 /2 and again i? = Q 1 / 6 / 2 . This is the metric for id 4 x AAdS 7 . The 
region y 2 > t 2 +1' 2 of the solution ( |5.6|) then interpolates between the flat space M 9 ’ 2 and 
dd 4 x AAdS 7 . 

For t 2 + t' 2 > y 2 , let r 2 =t 2 +1' 2 — y 2 . Then near r = 0, H^ 3 —> Q 1 / 3 /t 2 . Setting 
y = Tsinha, t — r cosh a cos d, t! — t cosh a sin 0. (5.11) 

the metric near r = 0 takes the form 

ds 2 — -^-(dx 2 + dx 2 + dx 2 ) — —l- Q 1 ^ 3 (da 2 — cosh 2 add 2 + sinh 2 ctdfi 2 ) , (5.12) 

where W — Q~ x ^t 2 /2 and again R — Q 1 ^ 6 /2. This is the metric of dS^ x AdS 7 . The 
region t 2 + t' 2 > y 2 of the solution ( (5.6|) then interpolates between the flat space M 9 ’ 2 and 
dS± x AdS 7 . 

The M* theory has a (5,l)-brane solution (analogous to the M5-brane of M-theory) 
which is given by 

ds 2 — id - 1 / 3 (— dt 2 + dx 2 + ... + dx 2 ) + H 2 l 3 (—dt' 2 + dy\ + dy 2 + dyf + dy%), 

(5.13) 

Ctl2345 — H 1 , 

Here id is a harmonic function and again there are two solutions. In the first solution 

H=l + %, (5.14) 

T 6 

where the transverse coordinates are restricted to the region r 2 — y 2 — t' 2 > 0 , where 
y 2 — Ug + d? + • • • + vi- I n the other solution 

H = l + %, (5.15) 

a 6 
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where the transverse coordinates are restricted to the region a 2 — t' 2 — y 2 > 0. Both 
solutions have bosonic symmetry ISO( 5,1) x SO(4,1 ) and world-sheet signature (5,1). 

Again, the geometry differs for the two cases. In the first case, near r = 0, it takes the 
form of AAdSi x H 4 , while for the second, near a = 0 it takes the form AdSj x dS&. In 
both cases, the brane solution interpolates between these geometries and flat space. Note 
that these near horizon geometries are the same as those for the Euclidean membrane with 
world-volume signature (3,0). 

There are also generalisations of the KK-monopole solution of M-theory. One is 
M 5 ’ 2 x TN, where TN is the Euclidean self-dual four-dimensional Taub-NUT space ( |4.2| ), 
while the others involve TN 2,2 , where TN 2,2 is the generalisation of Taub-NUT space with 
signature 2+2 given by |27 


ds 2 = (-I/ -1 (dz + AidY*) 2 + Vr lij dY i dY j ) , 


(5.16) 


where here r]jj is a flat metric with signature (+,+,—), i, j — 1,2,3. V is again a har¬ 
monic function depending on Y t and curlA — gradV, where, following 10. curl and 
grad are defined with respect to the Lorentizian metric rjij. Writing Y l = (yi,y 2 ,t), 
Y 2 — ijjj Y ' Y j — y 2 — t 2 , the harmonic function can be chosen as 


T /■ , Q , Q 

V + Y + (y 2 — i 2 ) 1 / 2 


(5.17) 


in the region Y 2 > 0, or as 


V — c + 


Q 


(5.18) 


( t 2_ y 2)l/2 

in the region Y 2 < 0. For the TN 2,2 solution, we take c = 1. The timelike coordinate z 
is periodic, with period 4 ttQ. Reversing the signature of the metric gives another space of 
signature (2,2) with metric 


ds 2 — 


(■ -V~ 1 (dz + AidY 1 ) 2 + Vr]i j dY i dY^ , 


(5.19) 
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in which space and time have been interchanged, so that in particular the z coordinate on 
the S' 1 fibre is now spacelike; we shall denote this space as —TN 2 ' 2 . There are then two 
distinct solutions, R 7 x TN 2,2 and R 7 x — TN 2,2 . 


Both TN and TN 2 ’ 2 are self-dual Kahler Ricci-flat spaces with two covariantly con¬ 
stant spinors; TN has holonomy SU(2) while TN 2,2 has holonomy 50(1,1). Then the 
solutions R 5,2 xTN, R 7 xTN 2,2 and R 7 x —TN 2,2 preserve half the supersymmetry. There 
is also a Lorentzian signature Taub-NUT solution TN 3,1 ||27| . but this has no covariantly 
constant spinors and so the solutions R 7 x TN 3,1 of M-theory and R 6 ’ 1 x TN 3,1 of M* 
theory do not preserve any supersymmetries, and will not be considered further here; such 
solutions have been considered in EH], There are also supersymmetric pp-wave solutions 


similar to those of 24 


6. Solutions of M'-Theory 


There is a IIA string theory in a spacetime with signature 5+5 whose strong coupling 
limit is the M' theory with signature 6+5 [|6]. The held theory limit of M' theory is a 
supergravity theory in 6+5 dimensions with bosonic action 

S M '= IC AG AG. (6.1) 


There are the following Freund-Rubin-type solutions: 


AAdS 4 x 
AdS^ x 


50(4,4) 

50(4,3) 

50(4,4) 

50(3,4) 


— dS 4 x AAdSj 


-H a x AdS 7 = ■ 
5 4 x - AAdS 7 


_ 50(3,2) w 50(4,4) 
“ 50(2,2) X 50(4,3) 
_ 50(3,2) w 50(4,4) 
" 50(3,1) X 50(3,4) 
50(1,4) w 50(6,2) 

= 50(1,3) X 50(5,2) 
50(1,4) w 50(6,2) 
50(4) X 50(6,1) 

_ 50(5) w 50(2,6) 

“ 50(4) X 50(2,5) 


( 6 . 2 ) 
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Here if X denotes a space with metric g and signature (p, q). then —X denotes the same 
space X, but with metric —g and signature (q,p). Then —dS^ — SO(l, A)/SO(l, 3) has 
signature (1,3) and — 77 4 — SO( 1, A)/SO{A) is a timelike hyperboloid with negative definite 
metric of signature (0,4). 

There are the following half-supersymmetric KK-monopole type solutions 

M 2 ’ 5 x TN 

M 4 ’ 3 x TN 2 ’ 2 (6.3) 

M 6 ’ 1 x -TN 

and pp-wave solutions similar to those of [[24 . 


There are two solutions analogous to the M2-brane. The first is the (2,l)-brane 
ds 2 —H~ 2 ^ 3 {—dt 2 + dx 2 + dx 2 ) + i7 1//3 (— dt% — dt 2 — dt^ — dt% + dy 2 + ... + dyl 0 ), 
C tl2 =H-\ 

(6.4) 

The null cone splits the transverse space into two regions, and there is a solution for each 
region. For the region 


72 72 I a . 2 2 I I 2 

t — t 3 + ■ ■ ■ + t 6 > y — y 7 + ■ ■. + y 10 


(6.5) 


we take the harmonic function 


H = 1 + 


Q 


(■t 2 -y 2 ) 3 ’ 


while for 


we take 


y 2 > t 2 


H = 1 + 


Q 


( 6 . 6 ) 


(6.7) 


( 6 . 8 ) 


(y 2 -t 2 ) 3 

Both solutions have bosonic symmetry ISO( 2, 1) x SO (A, 4) and the first solution ( |6.6| ) in¬ 
terpolates between AAdS^ x SO( 4, A)/SO(A, 3) and M 6 ’ 5 while the second ( |6.8| ) interpolates 
between AdS^ x SO(A, A)/SO(3, 4) and M 6 ’ 5 . 
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The second solution anaogous to the M2-brane is the (0,3)-brane given by 


ds 2 —H 2 2 ^ 3 (—dtf — di 2 — dt 3 ) + H 2 * (—dt 2 — dt 2 + dy\ + ... + dy'g), 


rl/3/ 


Ctit 2 t 3 — h 2 


-1 


(6.9) 


Again there are two regions and a natural choice for the harmonic function in each, giving 
two distinct solutions: 

Q 


H 2 = l + 


(y 2 — w 2 ) 3 


( 6 . 10 ) 


for y 2 — y'l + ... + y‘g > t 2 — t\ + 1 2 or 


H 2 


1 + 


Q 

(i t 2 - y 2 ) 4 


( 6 . 11 ) 


for t 2 > y 2 . It has bosonic symmetry ISO(3 ) x SO(6, 2 ) which is identical to that of (|5.6|), 
although spatial and temporal dimensions are interchanged in the worldvolume. ( |6.9| ) 
interpolates between —dS 4 x AAdS-j and R 6 ’ 5 in the first case and between — Ii\ x AdS- 
and R 6 ’ 5 in the second. 

Three solutions of ( |6.1|) analogous to the M5-brane can be obtained. The first is the 
(5,l)-brane given by 

ds 2 — iJ -1,/3 (— dt 2 + dx\ + ... + dx\) + H 2 ^{—dtl — dt 2 — dt\ — dt^ + dy%), 


Ctl2345 — H 


-1 


( 6 . 12 ) 


where 

H=l + % (6.13) 

T 6 

for t 2 —t 2 —y\> 0 and 

H=l + % (6.14) 

a 6 

for a 2 — y\ — t 2 > 0, where t 2 = tg + ... + This solution has bosonic symmetry 
ISO{h , 1) x 5”0(4, 1 ). (| 6 . 12 |) interpolates between —dS^ x AAdSj and R 6 ’° in the first case 
and between — H 4 x AdSj and R 6,J in the second. 
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The (3,3)-brane solution is given by 


ds 2 = H 1//3 (—— dtl — dt\ + dx\ + dx 2 + dx 3 ) + H 2 ^{—dt\ — df| + dy\ + dy\ + dy 3 ) 


Ct. 1 t 2 t3XlX2X3 H , 

(6.15) 

where 

H=l + % (6.16) 

T 6 

for r 2 —t 2 — y 2 > 0 and 

H= l + Q (6.17) 

a 6 

for a 2 — y 2 — f 2 > 0 , where t 2 = 

= t \ + an d y 2 — y 2 + y 2 + y 2 - This solution has bosonic 


symmetry ISO(3, 3) x SO( 3, 2 ). ( |6.15| ) interpolates between 5'0(4,4)/5'0(3, 4) x AdS 4 and 
M 6 ’ 5 in the first case and between SO{A , 4)/S'0(4, 3) x AAdS 4 and M 6 ’ 5 in the second. 
The third solution of M ; analogous to M5 is the (l,5)-brane given by 


ds 2 — H 1 / 3 (—— dt 2 — 

...~dtl + dx\) + H 2/3 {dy\ + dy\ + dy\ + dy\ + dyl), 

C't 1 t 2 t 3 t4,t 5 X 1 = H , 

(6.18) 

where 

H=l + %, (6.19) 

y 6 


where y 2 = + .. . + y\. This solution has bosonic symmetry ISO( 5, 1) x SO( 5). ( |6.18| ) 

interpolates between —AAdSj x S ' 4 and M 6,5 . 

7. 10-dimensional and 11-dimensional solutions 

In the previous sections, we have considered the branes that occur in the M-theories 
in signature 10+1, 9+2 and 6+5. They are summarised in the following table: 
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C 3 , s + t — 3 

Cq, s + t — 6 

Mw,i 

( 2 , 1 ) 

(5,1) 

Ms,2 

(3,0), (1,2) 

(5,1) 

-^6,5 

(2,1), (0,3) 

(5,1), (3,3), (1,5) 


Table 1 The M-branes with world-sheet signature ($. t ) coupling to C:> or its dual Cq 
in the various M-theories with signature ( S,T ). 


There are also equivalent mirror theories with signatures (1,10), (2,9) and (5,6) and 
these have brane solutions with the reversed world-volume signatures. For example, the 
theory in signature (2,9) has branes of signature (2,1), (0,3) and (1,5). 


A similar analysis can be done for the versions of the IIA and IIB theories in various 
signatures; there are branes of signature (s, t ) coupling to n-form gauge fields with s+t — n, 
where the n-form gauge fields consist of B 2 and its dual B () . and the RR gauge fields C n 
(n < 4) and their duals Cg_ n . The results are summarised in the following tables. 



Ci 

b 2 

c 3 

c 5 

Bg 

c 7 

IIAioq 

( 1 . 0 ) 

( 2 , 0 ) 

- 

(5,0) 

- 

- 

IIA 9j1 

( 0 . 1 ) 

( 1 . 1 ) 

( 2 , 1 ) 

(4,1) 

(5,1) 

( 6 , 1 ) 

MAI 1 

( 1 . 0 ) 

( 1 . 1 ) 

(3,0) 

(5,0) 

(5.1) 

(7,0) 

II As, 2 

( 0 , 1 ) 

( 2 , 0 ),( 0 , 2 ) 

(3,0),(1,2) 

(4,1) 

(5,1) 

(7,0),(5,2) 

IIAe, 4 

( 1 . 0 ) 

( 2 , 0 ),( 0 , 2 ) 

(2,1),(0,3) 

(5,0),(3,2), 
(1,4) 

(5,1),(3,3) 

(6,1),(4,3) 

II As, 5 

( 0 . 1 ) 

(i.i) 

(2,1),(0,3) 

■HjlmB 

(5,1),(3,3), 
_( 12 )_ 

(4,3),(2,5) 


Table 2 The branes with world-sheet signature (s,f) of the various IIAg,T theories 
with signature (S,T). 
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Co 

b 2 

c 2 

c 4 

B g 

Co 

C's 


- 

(U) 

(1,1) 

(3,1) 

(5,1) 

(54) 

(7,1) 

HBl j 

(0,0) 

(1,1) 

(2,0) 

(4,0) 

(5,1) 

(6,0) 

(8,0) 

™9,i 

(0,0) 

(2,0) 

(U) 

(4,0) 

(6,0) 

(5,1) 

(8,0) 

iib 7 , 3 

- 

(2,0), 

(0,2) 

(0,2) 

(3,1),(1,3) 

(6,0),(4,2) 

(6,0),(4,2) 

T —CO 

b- LO 

IIB St 5 

- 

(1,1) 

(U) 

(3,1),(1,3) 

(5,1),(3,3), 
(1,5) 

(5,1),(3,3), 
(1,5) 

(5,3), 

(3,5) 


(0,0) 

(U) 

(2,0), 

(0,2) 

(4,0),(2,2), 
(0,4) 

(5,1),(3,3), 
(1,5) 

(4,2),(2,4) 

(4,4) 

IIB £ iB 

(0,0) 

(2,0), 

(0,2) 

(U) 

(4,0),(2,2), 
(0,4) 

(4,2),(2,4) 

(5,1),(3,3), 
(1,5) 

(4,4) 


Table 3 The branes with world-sheet signature (s,t) of the various 11 B^.r theories 
with signature (. S,T ). 

The IIB theories also have D-instanton-type solutions, which will have real or imagi¬ 
nary Cq charge, depending on how the theory is Wick-rotated; see ||. 


8. Solutions vs. Signature 

In this section, we will systematically consider a generic theory with spacetime signa¬ 
ture (S, T ) and investigate which branes can occur with which world-volume signatures. 
Consider a D-dimensional action of the form 

S M = jd D x^ PI (r - ce^Fl +1 - + . .., (8.1) 

where F n+ i is the field strength for an n-form gauge field A n , with n < D — 2, e — ±1, 
and we have included a possible dilaton coupling e arp in the kinetic term for A; in the 
11-dimensional theories, this will be absent (a = 0). We have allowed an arbitrary sign 
e = ±1 for the gauge field kinetic term, and will examine how the choice of sign affects the 
brane solutions, and in particular their world-volume signature. 

The spacetime signature is ( S,T ), S + T — D and we will seek brane-type solutions 
with metrics of the form 

ds 2 = AdX 2 + BdY 2 , (8.2) 
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where the longitudinal space has coordinates X 1 ,... X d and flat metric dX 2 with signature 
(s,t), s + t = d. and the transverse space has coordinates Y 1 ,... Y D ~ d and flat metric dY 2 
with signature (S — s,T — t); A, B are functions of Y. Without loss of generality, we take 
S >T. Note that dualising the n-form A n to an — D — n — 2 form An with field strength 
Fh+i = e -a0 * F n+ 1 (when possible) gives a dual form of the action 


S M = jd D xsM U - e e-°*Fi +l - i(V0) 2 t + ..., (8.3) 

where 

e=(-l) T ~ 1 e. (8.4) 

With Lorentzian signature ( S,T ) = (D — 1,1) and the conventional sign e = 1, the 
n-form gauge field couples to an electrically charged p-brane with p — n — 1 and world- 
volume signature (p. 1) and to a magnetically charged p'-brane with p' — D — n — 3 and 


world-volume signature (p', 1), and these are the only such brane solutions that arise. If 
the sign of the A n kinetic term is reversed, so that e = — 1, there are now Euclidean brane 
solutions, where the electrically charged brane has world-volume signature (n, 0 ) (provided 
n < S) and the magnetically charged brane has world-sheet signature (D — n — 2, 0). We 
have seen this explicitly in the case of the D = 10 type II D-branes (e = 1) and the type 
II* E-branes (e = —1) in section 3, but this applies generally, as can be seen from a simple 
investigation of the equations of motion. 

Next, suppose that for a given spacetime signature (.S'. T ) and e there is an (s, t)-brane 
solution with world-volume signature (s,f). Then there will also be (s', t / )-brane solutions 
of the same theory (with the same (S, T) and e) for all (s', t') with s' = s + 2m, t' = t — 2 m 
for integers m (positive or negative) such that s' < S and t' < T. Again, this is easily seen 
by considering the equations of motion. 

Finally, for general ( S,T ), if e = 1 there are electric (s,t) branes for all odd t with 
s+t = n and 0 < s < S,0 < t < T, (including an electric (n —1, l)-brane if n — 1 < S ), while 
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if e = —1 there are electric (s, t) branes for all even t with s+t — n and 0 < s < S,0 < t < T 
(including an electric (n, 0)-brane if n < S). 

Similarly, starting from the dual action ( |8.3|) , we hnd that if e = 1 there are magnetic 
(s, t ) branes for all odd t with s + t — n and 0 < s < S,0 < t < T, while if e = —1 there 
are magnetic (s, t ) branes for all even t with s + t — n and 0<s<S,0<t<T. 

This agrees with the branes in 11 dimensions displayed in table 1 and the brane spectra 
for the IIA and IIB theories given in tables 2 and 3. 


9. Dualities, Reductions and Oxidations 


The various M, IIA and IIB theories are linked by a web of dualities given in [|(|], and 
these should map the branes in the various theories into one another, giving a check on 
our results. The 11-dimensional theory with signature (. S,T ) gives the IIA theory with 
signature (S — 1, T) on dimensional reduction on a spatial circle, and the IIA theory with 
signature ( S , T — 1) on dimensional reduction on a timelike circle. Then the M-branes give 
rise to the various branes of the IIA theory by simple and double dimensional reductions. 

In the usual case of the spatial reduction of 10+1 dimensional M-theory to the IIA 
string theory in 9+1 dimensions, the solutions of M-theory preserving half the supersym¬ 
metry each gives two solutions of the IIA theory preserving half the supersymmetry, one via 
simple dimensional reduction, the other via double dimensional reduction. The reductions 
are illustrated in fig. 1 : 



Figure 1 Spacelike reductions of M solutions. 
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It lias been conjectured |29|, 301 that there should be some ‘M9-brane’ giving both the 
D8-brane and the NS 9-brane | 29| | of the IIA theory, and this has been included. 

If instead M-theory is compactified on a timelike circle to give the IIA string theory 
in Euclidean dimensions, the reduction of the branes is as in fig. 2. 


pp-wave 


M2 


Ms 


K.K. 


(VO 


im 


( 5 . 0 ) 


R 6 xTN 


M9 


(9.0) 


Figure 1 Timelike reductions of M solutions. 

Note that the world-volume time of a ( p , l)-brane of M-theory must be wrapped 
around the compact time of the target space, so that only a double dimensional reduction 
is possible, to give a (p, 0)-brane. In this way, all the branes of the IIAi 0) o theory listed 
in table 2 are obtained, along with a (9,0)-brane, which was to be expected by T-duality. 
Indeed, the IIAio,o theory is T-dual to the HBg^ string theory, and the T-duality takes 
the (8,0)-brane (E8-brane) of the IIBg A string theory to a (9,0) brane of the IIAi 0 ,o. 

Similarly, the solutions of the M* theory in signature (9,2) considered in section 5 
give solutions of the IIA*g_|_i theory via a timelike reduction and the IIA 8 + 2 theory via 
a spacelike reduction. Consider first timelike reductions. From the pp-wave of M*, one 
obtains in IIA* either the ten-dimensional pp-wave or the El-brane. From the (1, 2)-brane 
one obtains the NS (fundamental) string. From the (3, 0)-brane we obtain the E3-brane. 
From the M* fivebrane, we obtain either the E5-brane or the NS (solitonic) fivebrane. 
Finally, we obtain from M 5 ’ 2 x TN the solution M 5 ’ 1 x TN, and from K 7 x TN 2,2 the E7- 
brane. (Reducing M 7 x —TN 2,2 on one of the two transverse times, after taking a periodic 
array, gives a non-asymptotically flat solution with a logarithmic harmonic function.) See 
figure 3. 
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R5, 2 xTN R?xTN 2 - 2 


RSJxTN 


Figure 3 Timelike reductions of M* solutions. 


Now consider the spacelike reductions. From the pp-wave, one obtains either the pp- 
wave in IIAg _|_2 or a (0,1) version of the El-brane (here (p, q) represents a solution with 
worldvolume signature (p,q)). From the (l,2)-brane we obtain either a (1,2)- or a (0,2)- 
brane. From the (3, 0)-brane we obtain either a (3, 0)- or a (2, 0)-brane, with the other 
solutions reducing in a similar fashion. Note that, due to the more complicated signature 
of 8+2, there are more solutions in this case than in 9+1. See figure 4. 


pp-wave (i,2)-brane (3,0) (5j) 



R5,2xTN 



( 5 > 2 ) R4,2*tN 



Figure 4 Spacelike reductions of M* solutions. 


The M' theory in 6+5 dimensions gives the branes of the usual IIA theory in signature 
(5,5) on spatial reduction and of the IIA theory in signature (6,4) on timelike reduction. 

A spacelike or timelike T-duality takes a IIA theory to a IIB theory and vice versa, 
the precise relations being given in [|6;]. A IIA theory in signature ( S,T ) is related via a 
spatial T-duality (say) to a IIB theory either in signature (S',T ! )—(S,T) or in signature 
(S', T') — (S — 1, T + 1). In the former case, the spacelike dimensional reduction of the IIA 
theory to (S — 1,T) dimensions is the same as the spacelike reduction of the IIB theory, 
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while in the latter case it is the same as the timelike reduction of the IIB theory. This 
means that a brane of the IIA theory can be reduced to a brane of the 9-dimensional 
supergravity on spatial reduction, and this can then be oxidised to a brane of the T-dual 
IIB theory. Similar results apply for timelike reductions of the IIA theory. 

For example, the IIA theory in (9,1) dimensions is related by a timelike T-duality to 
the IIB* theory in (9,1) dimensions. Thus the timelike reductions of the D-branes of the 
IIA theory give solutions of a 9-dimensional theory which should give E-brane solutions of 
the IIB* theory on timelike oxidation. We now check this. 

Following the methods outlined in Appendix A, suppose we start with the D2-brane 
solution of IIA in the canonical frame action 


Sua = Jd™xj=i [r- i(V *) 2 - , 

where all other fields are set to zero. In this frame, the solution is given by 

ds 2 =H~ 5 ^ 8 (—dt 2 + dx\ + dx 2 ) + H 8 ^ 8 {dy 2 + ... + dyg), 
C m2 = -H-\ e 2 *=H, 


(9.1) 


(9.2) 


where H = 1 + Q/y 5 is a harmonic function solving the Laplace equation in seven (trans¬ 
verse) dimensions ( y 2 = y\ + ... + y|). 

If we reduce this solution along the t direction following the first method outlined in 
Appendix A, we obtain a Euclideanised string solution 

ds 2 —H~ 5 ^ 7 (dx 2 + dx\) + H 2 ! 7 [dy\ + ... + dy%), 

(9.3) 

B 12 =-H~ 1 , e 4, =H 

to the equations of motion derived from the action 


Sc, = Jd>x^g (F - i(V0') 2 + ^ e ^' /7G i) ■ 


(9.4) 


Note the change in sign of the last term of the action. 
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Now if we oxidise vertically along a timelike direction t following the second method 


outlined in Appendix A, we obtain the solution 

ds 2 —H~ 3 ^ 4 {dx\ + dx 2 ) + i7 1,/4 (— dt 2 + dy 2 + ... + dy%), 
B 12 = -H~\ e* = H, 

to the IIB* action 


(9.5) 


Sub. = j d 10 xV=g U - j(V0) 2 + ^e 0/2 Gl) ■ (9.6) 

This solution can then immediately be extended to the E2-brane solution of IIB* above 
by allowing the harmonic function to include ^-dependence, thus replacing H by 


H' = 1 + 


Q 


(y 2 - t 2 ) 3 


(9.7) 


Transforming to the sigma-model frame, we recover the solution (|3.8|) for p — 2. 

Following this method, it is not difficult to see that the timelike reduction followed by 
oxidation procedure transforms the Dp-brane into an Ep-brane, with p even for IIA and p 
odd for IIB. 

As an example in which the T-duality changes the signature, the IIAg +2 on a spacelike 
circle of radius R is T-dual to the IIB 7 + 3 theory on a timelike circle of radius 1 /R. The 
spacelike reduction of the IIAg +2 supergravity and the timelike reduction of the IIB 7_(_3 
supergravity give the same supergravity theory in 7 + 2 dimensions. A spacelike reduction 
followed by a timelike oxidation should then take a brane of the IIAs +2 theory to one of 
the IIB 7_|_3 theory. We now check this. 

Suppose we start with the (3, 0)-brane solution of IIAg _|_2 in the canonical frame action 


S//A 8+2 = Jd 10 xX9 U - i(Vt) 2 + ^e'" /4 Gi) , 


(9.8) 


where all other fields are set to zero. In this frame, the (3, 0) solution is given by 
ds 2 —H~ r ^ 8 (dxl + dx 2 + dx 2 ) + H 3 ^(—dt\ — dt 2 + dy 2 + ... + dy 2 ), 
C 123 = -H-\ e 2 * = H, 


(9.9) 
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where 


H= 1 + 


Q 


(9.10) 


(l / 2 - tl - Ilf/* 

is a harmonic function solving the wave equation in the seven (transverse) dimensions 

(y 2 =y? + ... + l/g). 

If we reduce this solution along the X 3 direction following the first method outlined in 
T3fl for spatial reductions, we obtain a Euclideanised string solution 

ds 2 =H ~ 5 / 7 (dx± + dx 2 ) + H 2 / 7 {—dt\ — dt 2 + dy\ + ... + dy 2 ), 


(9.11) 


to the action 


S T+2 = Jd a x V? (r - + ^e 4<,,/7 G|) . 


(9.12) 


Note that there is no change in the sign of the last term of the action. 

If we oxidise vertically along a timelike direction £ 3 , we obtain the solution 
ds 2 —H~ 3 ^ 4 (dx 2 + dx 2 ) + H 1 ^^—dtf — dt% — dt% + dy 2 + ... + dy 2 ), 
B 12 = -H~\ e* = H, 

to the IIB 7_|_3 action 

S//B 7+3 = J d w x^7j (r - |(V 0) 2 + . 


(9.13) 


(9.14) 


This solution can then immediately be extended to the (2, 0) solution of IIB 7_|_3 of section 
5 by allowing the solution of the wave equation to include ^-dependence, thus replacing 
H by 


H' = 1 + 


Q 


( v 2 - *? - *2 - f §) 3 

Transforming to the sigma-model frame, we recover the (2, 0) solution. 


(9.15) 
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Appendix A. Timelike Reduction and Oxidation 


Double-dimensional reduction is a procedure relating one class of (p + l)-branes in a 
(D + l)-dimensional theory to another of p-branes in D dimensions. The inverse procedure 
going from D to D +1 dimensions is known as “oxidation”. Double-dimensional reduction 
was originally used to relate the D — 11 supermembrane action to that for the Type IIA 


superstring in D — 10 [fH]. The procedure was extended to generate new solutions in 
general dimensions in [fl2| . [T| . In ]H|, double dimensional reduction on a spatial direction 
was extended in a straightforward manner for non-static p-brane solutions in theories 
with an arbitrary dilaton coupling constant. Here we follow | [Td| | but reduce on a timelike 
direction. 

The basic approach is to start with a p + 1-brane solution in D + 1 dimensions with 
arbitrary signature, and eliminate one of the timelike directions parallel to the worldvolume 
of the brane to produce a Euclideanised p-brane in D dimensions. We begin with the action: 

1 


I = 


167 tG 


d D+1 x 


M< V « 2 *2(lW 


l^cj) p2 


(A.l) 


where 7 = 2/(D — 1). Here F is a (d -)- 2)-form field strength defined in terms of a (d + 1)- 
form potential A — i.e., F — dA. In the following, it will be useful to define d = D — d — 2. 
Since we wish to allow the consideration of anisotropic branes, we will not restrict our 
discussion to the choices p — d — lord — 2 for the (p + l)-branes in D + 1 dimensions. 

We require that in the solutions all of the fields are independent of (at least) one of the 
temporal coordinates, denoted t, which runs parallel to the (p + l)-brane. This coordinate 
will be the direction which is removed in the double-dimensional reduction. Further we 
will require that in the D + 1 dimensional solution all of the nonvanishing components of 
the A potential carry a t index. In the dimensionally reduced theory, we will have a d-form 
potential A with A^... v — A and a corresponding (d + l)-form field strength F — dA. 
We also make a Kaluza-Klein reduction of the metric which is required to have the form 

_ I g^u 0 


9^i 


0 -exp [2 p] 
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(A.2) 










where — exp[ 2 p] is the component g u ■ One finds that R(g) — R(g) — 2V 2 p — 2(Vp) 2 . Thus 
the gravity part of the action becomes 


j d D+1 x y/—(j R — L I d D x \f^g e p R, 


(A.3) 


up to surface terms, where L is the volume of the Euclideanised t dimension. To remove 
the exponential factor in this action, we make a further conformal transformation: g /1L/ — 
exp[—2 p/(D — 2)\g fiu . The Ricci scalar then becomes 


R — exp 


2 p 

D -2 



D - 1 


D -2 



D - 1 


D — 2 



(A.4) 


and now the full dimensionally reduced action is 


I 


L 

167 tG 


d D xy/—g 


R 


D 


1 \2 7 


D — 2 


(Vp) 2 - 7 2(V</>) 2 ± 


1 


2 {d + 1 )! 


g-“7bg-2dp/(0-2) 


(A.5) 


Note the sign change in the F 2 term. 

From the equations of motion, we find that V 2 (0 — (D — 1 )a/d p) — 0, and so this 
linear combination represents a free scalar field which we have the liberty to set to zero. 
Hence setting p — [d/((D — l)d)\(p in the above action, we find the kinetic term of the 
remaining scalar has an unconventional normalization. Thus we scale this field to define 
the canonical dilaton <f> of the dimensionally reduced theory 


7 

2 


w) 2 


(i +_ * _ \ 

y 2 (. D- 2 )(D - l)o 2 J 



(A.6) 


where 7 = 2/(D — 2). With these choices the final action becomes 




R 


i w)2± 2 (ZTTy: 




(A.7) 


where a 2 = [(D - 2)/(D - l)]a 2 + d 2 /{D - 1) and G = G/L. 

We can reverse this reduction process to construct an oxidation prescription as follows: 
In the 77-dimensional theory described by the final action ([A.7|) , we begin with a solution 
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with a given field configuration g^ u , (j), A. We add an extra timelike dimension t to 


construct a solution for the initial (D + l)-dimensional action (|A.1|) 


as 


A^... u t — A^... u , 


exp 


9 hi 


2 d 


( D-2)(D-1 ) a 

0 


(j)/a — (j)/a , 

9fiu 0 


exp 


2 d (j> 

( D-l ) a 


(A.8) 

(A.9) 


with a 2 = [(D - 1 )/(D - 2))]a 2 - d 2 /(D - 2). 

Applying Poincare duality to the field strengths in the above construction, one arrives 
at a distinct reduction/oxidation scheme. First one replaces the F in the action ( | A. 1 [ ) by 
the dual (d+l)-form field strength H — e~ a ^^F, which then satisfies dH — 0 = d(e a ^^H). 
Hence the new field strength can be defined in terms a rf-form potential B, i.e., H = dB, 
and the new equations of motion will arise from the following action 


I = 


1 


16 nG 


d D+l x \[—§ 




-e^H 2 


(A.10) 


2 {d + 1)! 

In the dimensional reduction with the dual field, any components of B carrying a t index 
will vanish, i.e., , B^... u t — 0. Further in the reduced theory, we have a (/-form potential 
B given by B^...^ — B^...„, and a corresponding (d + l)-form field strength H — dB. 
The remainder of the construction is unchanged. The essential point though is that one 
arrives at a second independent reduction/oxidation procedure in which the form potential 
is completely unchanged. In this case, however, the sign of the F 2 term is unchanged. 

Expressed in terms of the action ( |A.7| ), the second oxidation prescription is as follows: 
We begin in the H-dimensional theory described by the final action ( |A.7|) with a solution 
given by the field configuration cj), A. We add an extra dimension t to construct a 

solution for a (D + l)-dimensional theory with the action 


I = 


d D+1 x 


± , 1 - ( 
2 V 2 (d + 1)! 




(A.ll) 


16ttG 

where d 2 = [(D — 1 )/(D — 2))]a 2 — d 2 /(D — 2). Also F = dA is the same (d + l)-form field 
strength that appears in the original action. The field configuration of the (p + l)-brane 
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solution leaves the nonvanishing components of the d-form potential A unchanged, and 
has 


<j)/a — <p/a, 


exp 


9fii- 


2 d 4> 
(D — 2)(D — 1) a 

0 


9fj.i 


exp 


2 d (j> 


(D- 1) a 


(A.12) 

(A.13) 


Again, the sign of the F 2 term is unchanged. 

Thus beginning with p-brane solutions of one theory, we have two independent oxi¬ 
dation procedures. The first prescription extends the form degree of the potential A, as 
well as the dimension of the brane and the spacetime, while the second leaves the degree 
of the potential unchanged. Of course, the two oxidation procedures lead to different 
(D + l)-dimensional actions. 


Appendix B. Curvature Components for p-brane-Type Ansatzes 


The solution of the equations of motion for theories in different signatures proceeds 
along the lines of the (p, l)-brane solutions shown in [HJ. The Einstein equations are 
typically the most complicated to write down and solve, involving various components 
of the Ricci tensor. For reference, we write down these components for (p, q )-brane type 
ansatzes. 

In a .D-dimensional spacetime signature (A, T), where S + T = D, consider the fol¬ 
lowing ansatz for the metric: 


ds 2 = e 2A rj ah clX a dX b + e z * rj mn dY m dY n , 


2 B- 


(B.l) 


where 77 ^ and 7 ) mn are flat metrics of signature (s, t ) and (S — s,T — t), respectively, a, b 
run over d — s + t indices while m, n run over S + T — s — t — D — d — d + 2 indices. A 
and B are functions of the Y rn coordinates only. A straightforward computation leads to 
the following results for the Ricci tensor and scalar: 

Rab = -r]abe 2{A ~ B) (v 2 A + d(8A) 2 + ddA ■ OB^j , (B.2) 
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and 


Rmn = - dd m d n A - dd m d n B - rjmrN 2 B - dd m Ad n A + dd m Bd n B 
+ d(d m Ad n B + d n Ad m B ) - drjmndA ■ dB - df) rnn {dB) 2 


(B.3) 


R = e~ 2B (-2 dV 2 A - 2 (d + 1 )W 2 B - d(d + 1 ){dA) 2 - d(d + 1 ){dB) 2 - 2 dddA • dB?) , 

(BA) 


where V 2 = rj kl dkdi and V W = fj kl VkWi. 
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